The pulse profile from a neutron star in scalar-tensor theory of gravity is examined for several stellar models, where we assume the existence of the antipodal hot spots on the neutron star based on the polar cap model. Then, we find that the pulse profile from the scalarized neutron star in scalar-tensor gravity is almost the same as that in general relativity, i.e., without a scalar field, if the stellar compactness of the both stars is very similar. That is, the existence of the scalar field does not directly change the pulse profile from the neutron star, while the stellar compactness is crucial for determining the pulse shape even in the scalar-tensor gravity. Additionally, we find that the pulse shape from the scalarized neutron star is more or less similar to that from the neutron star with the same mass in general relativity, while the ratio of the minimum amplitude to the maximum amplitude in the pulse profile depend strongly on the coupling constant in scalar-tensor gravity, depending on the angle between the rotational and magnetic axes and the angle between the rotational axis and the direction to the observer. So, the direct observation of the pulse profile together with the additional observation of the stellar mass, one may extract the imprint of the gravitational theory in strong field regime.
In the next section, we briefly mention the neutron star models in scalar-tensor gravity. In Sec. III, we examine the photon trajectory and deflection angle in scalar-tensor gravity. Then, in Sec. IV we present the numerical results of the pulse profiles from a pulsar, which are compared with the expectation in general relativity. Finally, we conclude in Sec. V. In this paper, we adopt geometric units, c = G * = 1, where c and G * denote the speed of light and the gravitational constant, respectively, and the metric signature is (−, +, +, +).
II. NEUTRON STARS IN SCALAR-TENSOR GRAVITY
In this paper, we consider a neutron star model in scalar-tensor gravity with one scalar field ϕ, where gravity is mediated by a usual metric tensor together with a massless long-range scalar field. The action describing scalar-tensor gravity is given by
where G * is the bare gravitational coupling constant, R * is the scalar curvature constructed with the Einstein metric g * µν , g * is the determinant of g * µν , and S m denotes the action for all matter fields expressed by Ψ m collectively. We remark that this action is expressed in the Einstein frame, which is not a physical frame, because the field equations in this frame become much simpler than those in the physical frame. On the other hand, the experimental phenomena are explained in the physical frame, which is sometimes referred to as the Jordan frame. To clarify the frame of the quantities, we denote the quantities in the Einstein frame with asterisk, while those in the physical frame with tilde. The metric in the physical frame,g µν , is associated with g * µν viã
The field equations in the Einstein frame can be derived by varying the action given by Eq. (1) with respect to g * µν and ϕ, G * µν = 8πG * T * µν + 2 ϕ ,µ ϕ ,ν − 1 2 g * µν g αβ * ϕ ,α ϕ ,β , (3) * ϕ = −4πG * α(ϕ)T * .
Here, T * µν denotes the energy-momentum tensor in the Einstein frame, which is related to the energy-momentum tensor in the physical frameT µµ as
Additionally, T * and α(ϕ) are
We remark that the scalar-tensor gravity in the limit of α = 0 reduces to general relativity. The energy-momentum conservation should be satisfied in the physical frame, i.e.,∇ νT ν µ = 0, which leads to the equation in the Einstein frame such as
With respect to the conformal factor in Eq. (2), we adopt the same functional form as in Ref. [19] , such as
where the coupling constant β is a real number. With this conformal factor, α = βϕ, i.e., the scalar-tensor gravity reduces to general relativity when β = 0. The observational constraint on the value of β is quite severe. That is, the observations of the binary system composed of a neutron star and a white dwarf suggest that β should be in the range of β > ∼ − 5 [21] . On the other hand, theoretical studies tell us that the spontaneous scalarization sets in for β −4.35 for spherically symmetric neutron stars [20] , and for β −3.9 for extremely fast-rotating neutron stars [22] . Moreover, during the evolution of the binary neutron stars system, the different type of the scalarization may take place for large value of β [23, 24] , which is referred to as the dynamical scalarization. In any case, considering to the observational constraint on β, the allowed range of β with which the scalarization can be observed may not be so large. A neutron star model in scalar-tensor gravity can be constructed by integrating the modified Tolman-Oppenheimer-Volkoff equations together with the appropriate equation of state (EOS) [3, 20] . In order to determine the radial distribution of the scalar field, one has to adopt an asymptotic value of the scalar field ϕ 0 . In particular, we focus on the case with ϕ 0 = 0 in this paper. Then, the neutron star model becomes one parameter family, e.g., with respect to the central densityρ c or the Arnowitt-DeserMisner (ADM) mass of the star, by fixing the EOS and the coupling parameter β. In this paper, we adopt two EOSs, i.e., the so-called FPS EOS [25] and Shen EOS [26] . FPS EOS is based on the Skyrme type effective interaction, while Shen EOS is based on the relativistic mean field approach. The expected maximum masses of neutron star in general relativity are 1.80M ⊙ for FPS EOS and 2.21M ⊙ for Shen EOS.
We remark that FPS EOS may be ruled out by the observations of 2M ⊙ neutron star [27, 28] . On the other hand, the saturation parameters of Shen EOS are not compatible with those experimentally observed on the Earth, in particular the density-dependent symmetry energy, the so-called slope parameter [29, 30] . Even so, the both EOSs we adopt in this study are an example of extreme cases for the soft and stiff EOSs. That is, the stiffness of most of the realistic EOSs are between those of FPS EOS and Shen EOS, which leads to the result that the mass and radius expected with most of the realistic EOSs are plotted between the mass-radius relations constructed with FPS EOS and Shen EOS. Then, in Sec. IV we will show that the pulse profile from the scalarized neutron star with a specific EOS (FPS EOS) is very similar to that with another EOS (Shen EOS) if the stellar compactness is similar to each other. To show this result, it is better to adopt the extreme EOSs even though it is not suitable from the astronomical observations and terrestrial experiments. With such a reason, we especially adopt FPS EOS and Shen EOS in this study.
In Fig. 1 , we show the relation between the ADM mass (M ADM ) and the stellar radius (R) in the left panel, and the relation between the stellar compactness (M ADM /R) and the ADM mass in the right panel with respect to the neutron star models constructed with FPS and Shen EOSs. In this figure, the solid lines denote the results in general relativity, while the dotted and dashed lines respectively denote the results in scalar-tensor gravity with β = −4.6 and −5.0. We remark that the stellar compactness is an important property for discussing the light bending, because the relativistic effect becomes more important as the stellar compactness increases. In addition, the open circles in the left panel of the same figure correspond to the stellar models with the maximum mass in general relativity. The stellar models left to these marks in the left panel become unstable against the radial perturbations.
III. PHOTON TRAJECTORY AND DEFLECTION ANGLE
We consider the photo trajectory from a spherically symmetric neutron star in scalar-tensor gravity, according to Ref. [13] . The metric in the physical frame is generally written as
In particular, we adopt the metric form in the Einstein frame as
Image for the photon trajectory radiated from the stellar surface.
Then, via Eq. (2), the metric functions in Eq. (10) becomẽ
Since the circumference radius r c is related to the metric functionC(r), i.e., r 2 c =C(r), the stellar radiusR is given bỹ R 2 =C(R). Hereafter, we expressR and R as the stellar radius in the physical frame and the corresponding position in the radial coordinate of r, respectively. Owing to the condition of ϕ 0 = 0, the asymptotic behavior of the metric functions becomẽ
where M ADM denotes the ADM mass of the star. The photon trajectory radiated from the neutron star surface is determined from the Euler-Lagrange equation on θ = 0 plane. In fact, considering the situation shown in Fig. 2 , the angle ψ for a specific stellar model is determined via
where b is the impact parameter given with the emission angle γ as
The bending angle δ is defined with the angles ψ and γ as δ = ψ − γ. Combining Eq. (18) with Eq. (19), one can numerically obtain the relation between ψ and γ [13] . The emission angle γ increases with ψ, but the maximum value of γ should be π/2 in order for the photon from the stellar surface to be observed. The angle ψ when γ = π/2 is particularly expressed as ψ cri . In Fig. 3 , we show the value of ψ cri as a function of the ADM mass of the stellar models constructed with FPS and Shen EOSs, where the solid line denotes the values in general relativity, while the dotted and dashed lines correspond to those in scalar-tensor gravity with β = −4.6 and −5.0. Focusing on the stellar models with M ADM = 1.6M ⊙ , the value of ψ cri for FPS EOS in scalar-tensor gravity becomes 2.3% with β = −4.6, 3.8% with β = −4.8, and 5.0% with β = −5.0 smaller than that in general relativity, while ψ cri for Shen EOS in scalar-tensor gravity with β = −5.0 becomes 0.04% smaller than that in general relativity. We remark that the stellar models with M ADM = 1.6M ⊙ for Shen EOS in scalar-tensor gravity with β = −4.6 and −4.8 are equivalent to that in general relativity. On the other hand, for the stellar models with M ADM = 2.1M ⊙ constructed with Shen EOS, ψ cri becomes 2.6% with β = −4.6, 4.2% with β = −4.8, and 5.4% with β = −5.0 smaller than that in general relativity. This is mainly because of the reduction of stellar compactness shown in the right panel of Fig. 1 due to the scalarization. 
IV. PULSE PROFILE FROM NEUTRON STARS
Now, assuming the existence of the hot spot on the neutron star, we consider the situation that the photon radiates from the surface element dS with the surface radiation intensity I 0 (γ), where the distance between the neutron star and the observer is D in r coordinate. We remark that the physical distance between the neutron star and the observer,D, should be determined via the relationship of (R +D)
. Then, the observed flux dF is calculated by
where µ = cos ψ [13] . Adopting a pointlike spot approximation for simplicity [31] and assuming the black body emission from the hot spot with the isotropic intensity expressed by I 0 (γ) = I 0 , the observed fluxF from the hot spot is obtained by integrating Eq. (20), i.e.,F
where
and s denotes the spot area given by s = dS. In particular, we consider a neutron star with two (antipodal) hot spots associated with the polar caps of the stellar magnetic field, where the hot spot closer to the observer is referred to as "primary" and the other spot is "antipodal".
For considering the observation of the pulse profile from the rotating neutron star with the angular velocity Ω, one has to introduce two specific angles, i.e., Θ, which is the angle between the rotational and the magnetic axes, and i, which is the angle between the rotational axis and the direction to the observer, where Θ and i can be chosen in such a way that i ≤ π/2 and Θ ≤ π/2 (see Fig. 3 in Ref. [13] ). Then, the value of µ = cos ψ for the primary hot spot is varying with time as µ(t) = sin i sin Θ cos(Ωt) + cos i cos Θ,
because the value of µ is determined via µ = n p · d with the normal vector at the primary hot spot (n p ) and the unit vector pointing toward the observer (d) [13, 31] , where we put t = 0 when the primary hot spot comes to the closest point to the observer, i.e., ψ becomes minimum. With respect to the antipodal hot spot, due to the symmetry of the system, the normal vector at the antipodal hot spot (n a ) is given by n a = −n p . Thus, the value of µ for the antipodal hot spot (μ) is determined byμ(t) = n a · d = −µ(t) as a function of time. Here, for simplicity we assume that Ω is small enough to neglect the frame dragging effect due to the stellar rotation. In fact, the frame dragging effect could be neglected for 1/T a few hundred Hz [12] , where T denotes the rotational period, i.e., T = 2π/Ω. Then, the pulse profile with the given angles Θ and i becomes periodic, where the amplitude at t/T for 0.5 ≤ t/T ≤ 1 becomes the same as that at 1 − t/T . So, the figures for the pulse profile from each stellar model as shown below, are plotted in the period of 0 ≤ t/T ≤ 0.5. In addition, from Eq. (22), one can see that the pulse profile with (Θ, i) = (θ 1 , θ 2 ) is equivalent to that with (Θ, i) = (θ 2 , θ 1 ) for 0 ≤ θ i ≤ π/2 with i = 1 and 2.
The primary (antipodal) hot spot can be seen when µ (μ) is larger than cos ψ cri . Thus, the flux from the primary (antipodal) hot spot,F (F a ), is calculated via Eq. (21) for µ (μ) ≥ cos ψ cri and becomes zero for µ (μ) ≤ cos ψ cri . WithF (t) andF a (t), the observed flux from the pulsar is determined as Depending on the angles Θ and i, the pulse shape from the pulsar can be classified into four cases, where the boundary between different cases is determined by ψ cri [13, 31] . That is, in the Θ/π − i/π plane for 0 ≤ i/π ≤ 0.5 and 0 ≤ Θ/π ≤ 0.5, (i) only the primary spot can be observed at any time, where i + Θ < π − ψ cri , (ii) the primary spot can be observed at any time and the antipodal spot can be also observed sometimes, where π − ψ cri < i + Θ < ψ cri and ψ cri − π < i − Θ < π − ψ cri , (iii) only primary spot can be observed, or the both spots can be observed, or only the antipodal spot can be observed, where i + Θ > ψ cri , and (iv) the both spots can be observed at any time, where i − Θ < ψ cri − π or i − Θ > π − ψ cri . In Fig. 4 , we show such a classification for the stellar models constructed with FPS EOS with 1.6M ⊙ in the left panel and for those constructed with Shen EOS with 2.1M ⊙ in the right panel, where the solid line denotes the result in general relativity while the dotted and dashed lines denote those in scalar-tensor gravity with β = −4.6 and −5.0. Since ψ cri depends on the gravitational theory even for fixing the stellar mass (as shown in Fig. 3) , the boundary of the classification in the Θ/π − i/π plane also depends on the gravitational theory.
In Fig. 5 , we plot the pulse profiles from the neutron star for FPS EOS with M ADM = 1.6M ⊙ in general relativity (upper row), in scalar-tensor gravity with β = −4.6 (middle row), and with β = −5.0 (lower row) for various values of (Θ/π, i/π), which correspond to the dots in the left panel of Fig. 4 . One may observe that the pulse shapes are relatively similar to each other with the same angles of i/π and Θ/π. So, with the direct observation of the pulse shape one may make a halfdecent constraint on the combination of the angles i/π and Θ/π independent from the gravitational theory. On the other hand, one can also see that the ratio of the minimum amplitude to the maximum amplitude (F min /F max ) in the pulse profile for given angles of i/π and Θ/π depends on the coupling constant β. To clarify this point, we show such a ratio in Fig. 6 for the pulse profiles shown in Fig. 5 . Here, the circles correspond to the ratio expected in general relativity, while the squares and diamonds correspond to that in scalar-tensor gravity with β = −4. Fig. 4 , the angles with which F min /F max depends strongly on β, are in the region where i + Θ > π − ψ cri and ψ cri − π < i − Θ < π − ψ cri . That is, one can see the dependence of the coupling constant β in F min /F max for the combination of the angles of Θ/π and i/π when the antipodal hot spot can be sometimes (not always) observed, i.e., the situation (ii) or (iii) explained the above.
In the same way, in Fig. 7 we show the pulse profiles from the neutron star for Shen EOS with M ADM = 2.1M ⊙ in general relativity (upper row), in scalar-tensor gravity with β = −4.6 (middle row), and with β = −5.0 (lower row) for various values of i/π and Θ/π, which correspond to the dots in the right panel of Fig. 4 . In addition, the resultant ratio F min /F max is shown in Fig. 8 . Again, we find that the pulse shapes expected in general relativity may be more or less similar to those from the neutron star with the same mass expected in scalar-tensor gravity, for the given angles i/π and Θ/π. On the other hand, the ratio of the minimum amplitude to maximum amplitude in the pulse profile depends strongly on the coupling constant β when the antipodal hot spot can be sometimes observed, while such a ratio is almost independent from β either when only the primary spot can be observed or when the both spots can be observed in any time. We remark that the results shown in Figs the stellar compactness for the neutron star constructed with FPS EOS with 1.6M ⊙ is very similar to that with Shen EOS with 2.1M ⊙ (see the right panel in Fig. 1 ). Thus, via the simultaneous observations of the pulse profile and the stellar mass, one may constrain the EOS for neutron star matter. Furthermore, in Fig. 9 we show the pulse profiles from the neutron star for Shen EOS with M ADM = 1.6M ⊙ in general relativity (upper row) and in scalar-tensor gravity with β = −5.0 (lower row). As shown in Fig. 1 , the neutron star in scalartensor gravity with β = −5.0 is scalarized, i.e., the non-zero scalar field exists inside/around the neutron star, even though the stellar radius is almost the same as that for the stellar model with the same mass expected in general relativity. Even so, as shown in Fig. 9 , the pulse profiles in general relativity are the same as those in scalar-tensor gravity. Thus, we find that the pulse profile is almost independent from the existence of the scalar field, while the stellar compactness is crucial for determining the profile. We remark that one can see the effect of the existence of a scalar field in the pulse profile as shown in Figs an effect can be seen as a result of the difference of the stellar radius for the given mass due to the existence of the scalar field. Additionally, in Fig. 10 we show the relative deviation of the amplitude of pulse profile expected in scalar-tensor gravity with β = −5.0 from those in general relativity for the stellar model constructed with Shen EOS and M ADM = 1.6M ⊙ for the various angles i/π and Θ/π, where the meaning of the different lines is the same as in Fig. 9 . Depending on the angles i/π and Θ/π, the relative deviation can vary a little with time, but it is only less than 0.1 %.
V. CONCLUSION
We examine the pulse profiles from a neutron star in scalar-tensor gravity, assuming the antipodal hot spots based on the polar cap model. We find that the pulse profile depends strongly on the stellar compactness, where the existence of the scalar field does not directly change the pulse shape. That is, the pulse shape from the neutron star without the scalar field (or the neutron star in general relativity) is almost the same as that with the scalar field (or the scalarized neutron star in scalar-tensor gravity) if the both stellar models have similar compactness. The pulse profile also depends on the EOS for neutron star matter, while the pulse profile with a specific EOS is very similar to that with another EOS if the stellar compactness is similar to each other. So, the observation of the pulse profile with the help of the additional observation of the stellar mass could tell us the EOS. With a specific EOS, the pulse shape from the neutron star in general relativity is more or less similar to that in scalar-tensor gravity for the given angles Θ and i, where Θ is the angle between the rotational and magnetic axes and i is the angle between the rotational axis and the direction to the observer. On the other hand, the ratio of the minimum amplitude to the maximum amplitude in the pulse profile depends on the coupling constant in the gravitational theory, only if the antipodal hot spot can be seen not always but sometimes. This dependence on the coupling constant might enable us to observationally reveal the gravitational theory in strong field regime. In this article, we completely omit the effect of the pulsar magnetosphere on the photon propagation. The emission from the pulsar magnetosphere must be non-thermal, which strongly depends on the magnetic field structure, and may be observed as a background. That is, the energy spectrum for the thermal emission of the pulse profiles is different from that of the background non-thermal emission. In any way, assuming a theoretical model of magnetosphere or via another way, one would have to remove the effect of non-thermal emission form the observed spectra. Additionally, one may not observe the periodicity in the emission from the magnetosphere, if such emission comes from not only the hot spots but also the other parts around the surface. So, since the signal from the hot spots we considered in this paper are independent from the frequencies in X-ray observations, one might be able to distinguish the signal from the hot spots from the noise from the magnetosphere by checking the periodicity in the X-ray signals as changing the frequencies.
